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1.0 Introduction

A number which has a rational root is called a perfect power
Chase, (1844). An integral perfect power is the irrational root
that is an integer. In their contributions in Exponential
Diophantine Equations, Shorey and Tijdeman (1988).
investigated perfect powers at integral values of a polynomial
powers at integral values of a polynomial and obtained the
following result:

Let f (X) be a polynomial with rational integer coefficients
and with at least two simple rational zeros.

Suppose b # 0, m > 0, x and y with /Y/ are rational integers.
Then the equation:

f (x) = by™

Implies that m is bounded by a computable number depending
only on b and f (x).
There was a discussion on orders of difference of integral perfect
powers by lbrahim et al. The investigation reveals that if any
number of consecutive integers are raised to a positive integral
power k, then the k difference is equal to k!.
Based on their observation, it shows that for a given sequence of
perfect powers [fj = J], an examination of the set of perfect
squares {0, 1, 4, 9, 16, 25, 36, 49} reveals that the difference
between two successive elements is odd. The actual set of such
differences is {1, 3, 5, 7, 9, 11, 13}. Furthermore, the set of
differences of the preceding difference set is constant which is
{2, 2, 2, 2, 2, 2} = {2}, a singleton set. Clearly the set of
difference of the above second difference set is {0}. They
explore the emerging pattern in their investigation and found out
that this pattern have persist for all perfect squares resulting
from the set of integers. The result of their preliminary theorem

says that if f; = J for integral j.
Then
(i) Affisodd

(i) A%(f?) =2

(i) A¥(f)=0,ke{3,4... }
A polynomial function is a very important function applied in
some real life problem. A polynomial function is defined
mathematically below:

Let n be a non-negative integer and let &<,, &p.g, . . ., Xy, Sy,

o, be real numbers with &n # 0. The function defined by
n

£G) = Z oy pm

n=0

f(]) = Ocn jn + ocn—l jn_l + ...+ OCZ jz + Oclj +
Xo

is called a polynomial function of x of degree n. The number <,
the coefficient of the variable j" to the highest power, is called
the leading highest coefficient, which determine the pivotal
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element of the polynomial function. A polynomial function is a
differentiable function. A polynomial function is determined
with respect to the highest power of the variable of the function.
A relationship between the power and coefficient of a
polynomial was examined.

In this article, an investigation into the powers of polynomial
functions whose coefficients are in form of combinatorial
function.

The examination on the polynomial function:

fj=j+]

f.] _ 2j2—1 + jl—l

.
I

2j + j°
fi=2j+ 1

fi = odd forallj= 0
fil= 21"+ 0
fi= 2

The above results shows that the second derivative of the
function in equation I is equal to 2 = 2! = [2 (1)]!

It is observed that the coefficients of the polynomial terms is
equal to one, which is equivalent to the coefficient of binomial
coefficient if the power is equal to 1 and can be expressed in

combinatorial form.
n!

Defined factional function as: }C =

(n—1)!r!
which implies that 1 =
)
...................................................... 1
(o @
1
~ (1-0)10!
__ L
T 1o
_1
T 1x1
=1

Similarly, the coefficient of jl is 1.

This is also expressed as:

It
T (-1

1!

Tor1
1

T 1x1
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We have the coefficient of j2 is1and

and the coefficient of j* is L. Similarly,

Clearly, the coefficients are binomial coefficient which are
entries of the Pascal triangle. The relation between the power of
the last term of the polynomial (1) and the power of the first
term is that: the lowest power multiply by two will yield the
highest power of the polynomial function. That is, “if the lowest

power is 1 from equation (1) then the highest power is 2(1).

The emerging pattern motives the investigation of whether or not
this pattern will persist for higher powers of such polynomials
with binomial coefficients. For more definitions and elementary
results on perfect powers, (Hill 2005; Andreescu (2009); Perfect
Powers (2015).

This paper tries to investigate the expositional disposition of
integral power of binomial in a polynomial, with respect to the
binomial coefficients.

Review of literature shows that no such investigation has been
undertaken. Thus this article adds to the existing body of
knowledge, by providing more details on binomial coefficient of
polynomial.

2.0 Materials and Methods

Preliminary Definitions

In what follows, differential operators will be defined.

The differential operator is an operator that differentiate a

function. In the process of differentiation, the operator operates
with respect to the powers and coefficients of the variable of the
terms in a given function.

The power of each term is multiplied by the coefficient of the
term and the power is reduced by one to express the derivative
of the term. This process is applied to each term of the function.
This is expressed mathematically below.

Differential Operator

Given a polynomial function
n

(fj) = Z ‘xij'i

i=0

4)

Define the derivative on the polynomial function as:
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d .
fH = & [0 1] e e (B)

~ o 2[7)

i.ji 1
o it
For every integral j,1> 1
The implication of the differential operator is the derivative is
determined by the operations on the power and coefficients of
the polynomial term. It shows the importance of the coefficients
and powers of a term of a function. It is clearly seen that the
derivative of a term in a function is the product of the power of

the term and its coefficient and raising the term a power which is
less by one of the original power of the term.

3.0 Results
3.1 Preliminary Theorem:

Suppose that (f;) = Z ; it

i=1

k
where, ;= Z (k) for all values of k

= !

r 2k

Z j', polynomial power of terms

> () = { =
(k) . :
) polynomial coefficient

,
-
Il
=}

By relating the coefficients and polynomial terms, we have:

2k
z Z Z ji . (6)
i=0 i=k
k 2k
i i =0
Z Z for, ~
i=0 i=k
We have that;
i. fo): j2k+jk kzl

i, 56 = 2R+ kiR =2k + k
iii. f2%g) = 2kj*F = [2k]! = 2!

3.1.1  Main Theorem.
In the sequel, we examine the computational disposition of
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k 2k d d
. ky . =24— () + = (24
i=0 1=k _ -1—1
fork >2. =24 + 0
=24
Fork =2,
2 4 = 4!
w3 YO
i=0 i=2 = 2k! for k =2
:j4+2j3+j2 Fork=3

3 6
The 4" derivative of f(j) is obtained by finding the 1%, 2nd, 3 f(j) = Z Z (3)11
i

and then the 4™ derivative, which is done as follows: i=0 i=3
_ 4 3, 2
fj:j4_|_2j3_|_j2 f@)—]+2]+]
4 P : - -
fj = pr * + 2% + %] To obtain the 6" derivative, we follow a similar procedure as
]

obtained in the 4™ derivative.

t H H H
The 1 derivative is: The first derivative is:

=< 69+ 2569+ < () i _ ey 35 gy
@~ qj dj dj f(j):d_j[l+3l+3l+]]
:4j4—1 I 6]'3—1 4 2j2—1

=45® + 6§° + 2j'

The 2™ derivative is:

_4d 6 d s 964y + 463
=61 + 1571 4+ 12j*1 4 3§31
=6j° + 155* + 125° + 3j?

. d
f25 = — [45® + 6j% + 2j*
0™ g [4) J i The second derivative is:

d d T . . :
—4— () + 6— (%) +2 —it fil = — [6§° + 15j* + 122 + 3{?]

a g3+ dj(J)+ i) 0 = gj 1o ] ] ]
Z12t 4 121271 + 2§t 62 )+ 152G + 12263 +32 ()

T T dj J dj J dj J dj J
_ :2 ;1
=127 + 12)° + 2 =305 + 60j* 7 + 36731 + 6271
The 3" derivative is: 4 3 P 1
q =30)" + 60j° + 36j)° + 6]

f(iji)i =3 [12j% + 121 + 2] The third derivative is:

d
d d d U — __ 1304+ 60j2 + 36j%2+ 651
=125 () + 125+ @ fih = BUT + 6077+ 3677+ 6]

-309 (4 43 4 2 41
247271+ 121271+ 0 =305 G+ 605G + 36,G7) + 6507

- 24j + 12 =120;*71 + 1837t + 72j%71 +6
The 4™ derivative is: =120j3 + 18052 + 72j1 + 0
. d -3 -2 -1
_ - : =1205° + 180j° + 72
f(‘J‘; = 3 [24) + 12] ] ] ]

The fourth derivative is:
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L, d
5 ~ 3 [1205° + 180j% + 72j]

_1204 (53 4 2 Lye
=120 ; G+ 180de )+ 72de)
=360;371 + 18271 + 72

=360j2 + 360j% + 72

The fifth derivative is:

d
& = 3 [360j2 + 36053 + 72]

_ d 2 4y 4
=360 ) + 360 & () + 3 (72)

=720j271 + 360j11 + 0
=720 + 360

The sixth derivative is:

. d
o -3 [720j + 360]

d .. d
=720 ¢ () + 3 (360)

=720j1"1 + 0
=720

=[2(3)]!

= [2(0)]!

Thus by induction hypothesis, the validity of the polynomial at k
=1, implies the validity at k = 2. If itis valid fork =1, 2, 3

Then it is valid for k > 3.

For some >3

k 2k
2 = de ZZ = RO Ok 2 1o (1)

20 ik

4.0 Discussions

The pattern recognition involves the application of even factorial
which can be generated through a polynomial function with
respect to the coefficients of Pascal’s triangle entries in a
triangular fashion. The powers of the variable of the polynomial
functions are distributed with respect to even and odd order of
positive integers.

Yields:
2+
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P
]-4 + 213 + j2
i©+3° + 3 +
i+ 47+ 6° +4° +j*
j'% 4+ 5° + 10® + 10§ + 5i° + j°
i+ 6" + 1511 + 2057 + 15)° + 67 + j°
i+ 7 4+ 2151 4 355 4 35110 + 217 + 78 + 7
j' + 8" + 24 + 56j" + 70j'* + 56j'" + 28" + 8° + j°

Fig. I: Triangular Form Pattern of Polynomials with Binomial
Coefficients (Pascal entries).
fork>1.

1 8 28 56 70 56 28 8 1

Fig. 1I:

coefficients of Polynomial Function

Pascal’s tries Triangular form with respect to

2 1
4 3 2
6 5 4 3
8 7 6 5 4
10 9 8 7 6 5
12 11 10 9 8 7 6
14 13 12 11 10 9 8 7
16 15 14 13 12 11 10 9 8
Fig. I11: Corresponding Pattern of Powers of Polynomials

Observed that the relation on the first and last term of
polynomial in ascending or descending order implies that:
For all k = least power

There exist 2k = highest power.

' _{ k ifleast
" POWer =15k ifhighest
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Defining the entries of the triangular form in Fig Il: (Pascal
triangle) with respect to the laws of indices.

Consider the product rule: x%.x? = x@*b

Let X 1, x 1 be the first entries in the first row

Let R; = row one

Where the powers of the variable x are the coefficients of the
polynomial function.

The power of first and least term is fixed at one (1).

This implies that:

R, =x! x?
R, =xtxlaxlx!
= xl x1HL xl
=xL x2,x1
R, =xt xtx?,x%.xtx?!

R, =xl xlx3,x3.x3, x3. 21, x?t

1 ,1+3 343 . 3+1 1

R :xl,x1.x4,x4.x6,x6.x4,x4.xl,xl

RG :xl,xl.x5,x5x10,x10.x10,x10 5 5 1,1

— xll x1+5’ x5+10,x10+10,x10+5,x5+1,x 1

Xt x 0, x

20+15 X15+6 6+1 .1

1+6 . 6+15 . 15+20
X , X , , X , X

x 0 x
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1 .7

=x! x ’x21’x35,x35’x21,x? 1

2 X

1+7 x?+21 x21+35

x ) ) ,x35+35’x35+21 x21+? x?-l—l 1

r r f‘x

This yields:

R, = xt,x?

The operation of multiplication and division of indices will be
employed to define the entries of the triangular form of powers
of the polynomial in Fig. I11.

If 2k is the power of the first term, then k is the power of the last
term.

Fork>1

Let x2%, x®be the entries in the first row, were the powers of

the variable x are the powers of the polynomial.

b:

Consider the rule:x . x2 = x 27 (product)

b:

x® + x? = x*P (quotient)

Multiply x? to the first term and x * to the last term in each row

>2.
R, = x?,x!
x2 .t
R, = x2.x? 5 xlxlt
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_ XT3 1
R, =x e e e XX
= x6+2 x11-4 93 1 7-2 4 3+1

=x8 x7,x5,x5 x*

8,7 .7 .6 .6.5 .5 .4

_ 2] 2 X7 xXT.xT o xT.xT xT.Xx 4 1
RS x "x 1 xﬁ L] xs » x‘l_ 1) x3 1) "x
:X8+2, X15_6, x13—5, xll—fl-’ XQ_B,XS

:x101x9’x8lx?’x6’x5

210 49 49 48 4B 4T 4.7 46 4.6 45

_ .10 2 X0 XX XTXT OXT.XT XT.X 5 1
Ré—x.x,xg,x7,x6,x5,x4,.x
:X10+2, x19—8, xl?—?, x15—6, x13—5, x11—4,x5+1
:xIZ,xll’xlo’xg"XS’x?’xé

12 .11

_ ..12 247X
R;.v =X .X 'XT’
a0 x9x% x%x® x%xT xTx®

X6 Xl

x9 7 ox® 7 x7T 7 x8 T x5 T
:x12+2’x23—10,
x21—9’ x19—8’ Xl?_?, x15—6,x13—5’ x?
:x14,xlB’XIZ’xll’xlo’x9rx8’x?

14 .13
14 2% "X
Rg = x™*.x°, e
213 412 412 11 11 410 10 4,9 49 .8 .8 .7 7 1
e e Y - B A X
_x14+2 2712
x25—11, x23—10’ x21—9} x19—8’ xl?—?,x15—6’ x?+1

This yields:
R, = x2,x!
4 .3 .2

R, = x%,x°,x
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Ry = x x%,x* x5

R, = xg,;!c?,xG,xs,x‘1

10 ,.9 ..8 .7 .6 .5

Ry = x",x7,x%x",x°,x

RG — xlg,xll,xlo,xg,xS,XT,xé

R? — x14,x13,x12,x11,x10,x9,x8,x?

Rg:,X16,.7(15,}(14,3(13,.7612,3(11,,%10 9 .8

Finally, the relationship between the powers and binomial
coefficients on the polynomial function is established. It has
been clearly proven that the even factorial is generated from the
polynomial function with respect to the differential operator.

Hence:

255 = 2], k =1

Where:
k 2k
ky.
i=0 i=k
5.0 Conclusions

This article exposed the structure of polynomial with respect
to power and coefficient function. In particular, the implication
of the powers is the pivotal element, which is the highest power
in the polynomial function. Consequently, the pivotal element
determines the order of the derivative of higher order. The
differential operator was employ to prove the theorem on the
even factorial generated with respect to the polynomial function.
The order of the set of powers in the polynomial function is in
the order of natural numbers. Based on the result of the theorem
and that of Ladan et al. (2016) a comparison was made on the
coefficient of the factorial and significant gab was found. The

limitation in Ladan et al. (2016) was that the coefficient of k! is

equal to 1. In this work, it was found that the coefficient of k! is
equal to 2. A comparison of the results showed the variation in
the value of the coefficient of k! which equals {1,2}. The
binomial theorem was known in Eastern cultures prior to its
discovery in Europe. The same Mathematics is often discovered
or invented by independent researchers separated by time, place
and culture.  Finally, we have seen clearly that the polynomials

whose powers are defined by the summation notation.
2k

Power of Polynomials = Zji, k=1
i—k
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k

Coefficient of Polynomials = Z (11()’ k=1
i=0
k 2k
: e ky .
Polynomial Polynomials —Z Z() i, k=1
==
Thus
k 2k
d2k K\
2k A
%6 = a2k Z (i)ll = 2]
i=0 i=k

= [2(Kk)]!, fork =1

Acknowledgements

This work was supported by the department of computer
science, University of Jos. The authors would like to
acknowledge Kampala International University for publication
support.

Declaration of conflict of interest
The authors declare no conflict of interest.

KJSET | 25

References

Andreescu, T. Andrica D., Number theory (2009).
Birkhauser Boston, a part of Springer Science +
Business Media, LLC; DOI: 10.1007/b//856-2.

Chase, P. E. (1844). The elements of arithmetic in
which decimal and integral arithmetic are combined
and taught inductively. U. Hunt and Son, 1844,
Cambridge tracts in Mathematics 87 Exponential
Diophantine equations (1988). Cambridge University
Press: 169-183.

Ladan, U. I. Ukwu, C. and Apine E. (2016) An
investigation into the order of integral perfect powers.
AJOMCOR 10(1): ISSN:2395-4205(P), ISSN: 2395-
4213(0). IKP www.ikpress.org

Mc Graw Hill, (2015). Dictionary of Scientific and
Technical Terms. 6E Perfect Power. The Mc Graw-Hill
Companies Inc,. Available
www.encyclopedia.org/wiki/perfect+power.

Perfect Powers: (2015). Retrieved November 23, 2015.
Auvailable: http://en.wikipedia.org/wiki/perfect-power



http://www.ikpress.org/
http://www.encyclopedia.org/wiki/perfect+power
http://en.wikipedia.org/wiki/perfect-power

